The N=4 Superconformal Bootstrap by Beem, Christopher et al.
The N = 4 Superconformal Bootstrap
Christopher Beem,q Leonardo Rastelli, and Balt C. van Rees
q Simons Center for Geometry and Physics, SUNY, Stony Brook, NY 11794-3636, USA C. N. Yang Institute for Theoretical Physics, SUNY, Stony Brook, NY 11794-3840, USA
We implement the conformal bootstrap for N = 4 superconformal field theories in four dimensions.
Consistency of the four-point function of the stress-energy tensor multiplet imposes significant upper
bounds for the scaling dimensions of unprotected local operators as functions of the central charge
of the theory. At the threshold of exclusion, a particular operator spectrum appears to be singled
out by the bootstrap constraints. We conjecture that this extremal spectrum is that of N = 4
supersymmetric Yang-Mills theory at an S-duality invariant value of the complexified gauge coupling.
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Introduction. It has become apparent in recent years
that the conformal bootstrap program – the analysis of
conformally invariant quantum field theories using only
consistency conditions from symmetries, unitarity, and
associativity of the operator product expansion (OPE) –
can be implemented to great effect in any spacetime di-
mension to place substantial constraints on the spectrum
of local operators [1]. The constraints arising from a sin-
gle four-point function are surprisingly powerful, leading
to numerical bounds on scaling dimensions that appear
to be saturated in known conformal field theories such as
the two-dimensional minimal models [2] and the three-
dimensional critical Ising model [3]. For a theory that
lies at an exclusion threshold, it is in principle possible
to recover the dimensions and three point functions of
the operators appearing in the OPE decomposition of the
four-point function [4, 5]. One expects these methods to
be most effective in theories that are uniquely specified by
a few basic properties, such as global symmetries. Max-
imally supersymmetric conformal field theories (SCFTs)
are thus ideal candidates for such an analysis.
In this letter we report initial results from the appli-
cation of bootstrap methods to four-dimensional theories
with N = 4 superconformal invariance [6]. While N = 4
supersymmetric Yang-Mills theory (SYM) has been the
subject of intense study, all findings to date have either
relied on perturbation theory or the planar limit, or they
have used special simplifications that pertain only to BPS
observables. We describe here the first nonperturbative
results for the dimensions of unprotected operators at fi-
nite values of the central charge. We eschew any reference
to a Lagrangian description of the theory and consider
the universal four-point function of energy-momentum
tensor multiplets, whose structure is strongly constrained
by symmetry. We obtain upper bounds on the dimen-
sions of unprotected operators of leading twist appearing
in its OPE decomposition, and find strong indications
that N = 4 SYM does indeed saturate the bounds at a
special point of its conformal manifold.
The sum rule. In a four-dimensional N = 4 SCFT,
the energy-momentum tensor lies in a half-BPS multiplet
whose superconformal primary, denoted here as OI20′ ,
I = 1, . . . , 20, is a scalar operator of dimension two that
transforms in the 20′ representation of the SU(4)R R-
symmetry group. Conformal symmetry fixes the form of
its four-point function to
〈OI120′(x1)OI220′(x2)OI320′(x3)OI420′(x4) 〉 =
AI1I2I3I4(u, v)
x412x
4
34
,
where we have introduced standard conformal cross-
ratios u = (x212x
2
34)/(x
2
13x
2
24) and v = (x
2
14x
2
23)/(x
2
13x
2
24).
We will also make use of an alternate parameterization,
u = zz¯, v = (1− z)(1− z¯) [7, 8].
The constraints of superconformal invariance on this
four-point function have been analyzed in detail in, e.g.,
[9–12]. We briefly review the results of [9, 11] and pro-
ceed to derive the corresponding crossing symmetry sum
rule. The function AI1I2I3I4(u, v) can be decomposed into
channels corresponding to each representation of SU(4)R
appearing in the tensor product 20′ ⊗ 20′, yielding six
functions AR(u, v) for R = 1,15,20
′,84,105,175. Su-
perconformal symmetry leads to relations among them,
ultimately allowing the entire four-point function to be
expressed algebraically in terms of a more elementary
set of constituent functions. There is a single unpro-
tected function G(u, v) that depends on the full spectrum
of operators appearing in the OPE, along with two mero-
morphic functions and a constant that are protected, and
depend only on operators in the OPE that belong to
shortened representations.
Crossing symmetry amounts to the invariance of
the four-point function under the exchange (x1, I1) ↔
(x3, I3), which implies several distinct relations among
the AR(u, v). These relations can be processed in two
steps. First, one extracts a closed set of equations for
the protected functions only. Remarkably, those equa-
tions admit a unique family of solutions parametrized by
the central charge appearing in the OPE of two stress ten-
sors. In other words, the protected part of the amplitude
is uniquely fixed by symmetry [13]. Second, substituting
the solution for the protected functions, there remains a
single relation for G(u, v) that is necessary and sufficient
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2FIG. 1. Exclusion plots in the space of leading twist gaps ∆0, ∆2, and ∆4. Central charges a = 3/4, a = 15/4, and a = ∞
are shown, corresponding to N = 4 SYM with gauge group SU(2), SU(4), and SU(∞), respectively. The area outside of a
cube-shaped region is excluded.
for crossing symmetry of the full four-point function,
v2G(u, v)− u2G(v, u) + 4(u2 − v2) + 4(u− v)
a
= 0 .
Here a is the central charge, which for N = 4 SYM with
gauge group G is given by dimG/4.
To proceed, we consider the OPE decomposition of the
crossing symmetry relation. This decomposition is rela-
tively simple due to the relation u2G(u, v) = A105(u, v)
[14], which allows G(u, v) to be expanded in conformal
blocks for quasiprimary operators O105 with nonzero
three-point coupling 〈O105O20′O20′〉. Superconformal
symmetry restricts the possible multiplets in which such
an operator can appear [10, 11]: there are a few infinite
families of multiplets obeying certain (semi-)shortening
conditions, as well as long multiplets for which the su-
perconformal primary is an SU(4)R singlet. The function
G(u, v) can be decomposed accordingly,
G(u, v) = Gshort(u, v) + Glong(u, v) ,
and the two terms can be independently expanded,
Gshort =
∑
`
(
g4,`G
(`)
`+4(u, v) + g6,` uG
(`)
`+6(u, v)
)
,
Glong =
∑
`=0,2,...
∑
∆≥2+`
(
a∆,`u
∆−`
2 G
(`)
∆+4(u, v)
)
.
The expansion is in terms of conformal blocks of SO(4, 2)
[8],
G
(`)
∆ =
1
z − z¯
(
(−1
2
z)`zf∆+`(z)f∆−`−2(z¯)− (z ↔ z¯)
)
,
with fβ(z) = 2F1(β/2, β/2;β; z). The coefficients of the
expansion are the squares of three-point coefficients, and
so are required to be non-negative by unitarity. The func-
tion Glong receives contributions only from long multi-
plets of dimension ∆ and even spin `, with ∆ ≥ `+ 2 for
unitarity [15].
The coefficients in the expansion of Gshort are essen-
tially determined by the protected parts of the amplitude.
There is a potential ambiguity due to the possibility that
operators in short representations may combine into a
long representation at the unitarity bound. However,
there is always a canonical choice for the representations
contributing to Gshort such that unitarity amounts to
non-negativity of the undetermined coefficients in Glong.
This choice is the same for all a > 3/4, but jumps at
a = 3/4; for a < 3/4 one must include a representation
that contains higher spin conserved currents. This tran-
sition has a physical interpretation in N = 4 SYM, where
for G = SU(2), a certain quarter-BPS operator is absent
due to trace relations.
The crossing symmetry relation can now be recast as a
sum rule for the unknown, non-negative coefficients a∆,`,∑
∆,`
a∆,`F∆,`(u, v) = F
short(u, v; a) ,
where we have defined
F∆,`(u, v) = v
2u
∆−`
2 G
(`)
∆+4(u, v)− u2v
∆−`
2 G
(`)
∆+4(v, u) ,
and F short(u, v; a) is a known family of functions
parametrized by the central charge a.
Numerical Constraints. Following [1], we now use
the sum rule to place constraints on the spectrum of any
N = 4 SCFT. A trial spectrum can be ruled out if it is
possible to find a real linear functional φ such that
φ · F∆,`(u, v) ≥ 0 when a∆,` 6= 0 ,
φ · F short(u, v) < 0 .
Entire families of trial spectra can be ruled out in this
way by enforcing the same positivity conditions for con-
tinuous ranges of ∆. We consider spectral ansa¨tze that
are parameterized by a lower bound ∆` on the dimension
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FIG. 2. Bounds for the scaling dimension of the leading twist unprotected operator of spin ` = 0, 2, 4. The bounds are displayed
as a function of the (square root of the) central charge a. The best bound is shown in blue, corresponding to Λ = 17, while the
lighter lines represent bounds for lower values of Λ.
of operators of spin `. (We focus here on ` = 0, 2, 4, but
the strategy is easily generalized.) For a given choice of
the ∆`, all such spectra will be ruled out if there exists
a functional satisfying
φ · F∆,`(u, v) ≥ 0 for ∆ ≥ ∆` .
The goal is to map out the contour in ∆` space that
separates the spectra that can be ruled out with such a
linear functional from those that cannot.
This problem is rendered tractable by choosing a finite-
dimensional subspace of the infinite-dimensional space of
linear functionals consisting of operators of the form
φ · g(z, z¯) :=
∑
m,n≤Λ
αm,n ∂
m
z ∂
n
z¯ g(z, z¯)
∣∣
z=z¯=1/2
,
for an integer cutoff Λ on the maximum number of deriva-
tives. Furthermore, the space of conformal blocks – nor-
mally a continuous family of functions labeled by ∆ for
each spin – is discretized and truncated at a high but
finite spin (` ≤ 20 in the plots shown here) [16]. The
task of finding a functional in this subspace that is pos-
itive for all of these conformal blocks then reduces to a
linear programming problem and can be performed by a
computer. We have used the IBM ILOG CPLEX optimizer
interfaced with Mathematica.
The results are displayed in Figs. 1-3. The constraint
surfaces for the triple {∆0,∆2,∆4} are displayed in Fig. 1
for several values of the central charge and with Λ = 17.
The results for all other values of the central charge that
we have checked are qualitatively similar [17]. The area
outside of a cube-shaped region is excluded.
Better resolution is obtained for a lower dimensional
search space, and Fig. 2 shows the bounds obtained by
constraining the ∆0, ∆2, and ∆4 separately. The ap-
proximately cubic shape of the exclusion plots in Fig. 1
shows that the result for the bound of a given spin does
not depend much on the choices of gaps ∆` for the other
spins.
Finally, Fig. 3 shows our best estimates for the values
of the ∆` at the corner of the cubic exclusions for large
values of the central charge. We have superimposed the
values of these dimensions to order O(a−1) for type IIB
supergravity on AdS5 × S5.
Discussion. Even without additional interpretation,
the results reported here provide true, nonperturbative
bounds for the dimensions of unprotected operators in
N = 4 SYM for every gauge group. From the first graph
of Fig. 2 we can read off the bound for the dimension of
the leading twist SU(4)R singlet scalar operator. Recall
that in perturbative N = 4 SYM with G = SU(N), this
operator is identified with the Konishi operator TrXiXi,
with dimension ∆ = 2 + γ(gYM) (see, e.g., [18]). By con-
trast, in the planar limit at large ’t Hooft coupling, the
Konishi operator acquires a large anomalous dimension
[19] and the leading twist operator is the double-trace
operator OI20′OI20′ , with dimension ∆ ≈ 4− 16/N2 [20].
Our results provide a nonperturbative upper bound for
any N . For example, the point corresponding to a = 3/4
is marked in the plots of Fig. 2 and gives bounds for
SU(2) SYM: ∆ ≤ 3.050 for all values of the complexi-
fied gauge coupling. Similar results can be read off for
any gauge groups and for spins zero, two, and four. These
bounds can be made slightly stronger for a given spin in
exchange for the assumption of a gap for the other spins.
There are, however, two features of our results that are
suggestive of a more specific interpretation. The first is
the behavior of the bounds for large values of the central
charge (see Figs. 3, 4). For infinite central charge, the
independent bounds for leading twist operators are
(∆0,∆2,∆4) . (4.073, 6.011, 8.005) .
These are very close to ∆` = ` + 4 – the result that fol-
lows from large N factorization for N = 4 SYM, where
the leading twist unprotected primaries are double-trace
operators of the schematic form OI20′∂`OI20′ . More sig-
nificantly, the leading 1/a corrections to the bounds are
compatible with the large ’t Hooft coupling limit of pla-
nar SYM (as computed holographically in supergravity
[11, 20]). Additionally, the bounds at a = 1/4 appear
to converge to the correct values for U(1) SYM [21]. A
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FIG. 3. Estimates for twist gap ∆` for ` = 0, 2, 4 that characterize the corners of the exclusion cubes at large central charge.
Uncertainty is due to the smoothing of the cube. The improvement relative to the single spin bounds of Fig. 2 is apparent.
Superimposed in red are the results for planar N = 4 SYM in the limit of infinite ’t Hooft coupling; ∆0 ≈ 4− 4a , ∆2 ≈ 6− 1a ,
and ∆4 ≈ 8− 1225a .
priori, the true spectrum of N = 4 SYM could have
been impossible to access by bootstrap methods, but we
find instead evidence that our bounds are saturated by
the physical theory both at large and small values of the
central charge. We conjecture that this persists at all
intermediate values.
The second hint comes from the most conspicuous fea-
ture of the plots in Fig. 1; the boundary of the excluded
region is approximately that of a cube. This is actually
to be expected if the bounds owe their existence to an
isolated solution to crossing symmetry with a spectrum
of leading twist operators corresponding to the vertex of
the cube [22]. In the case at hand this requires further ex-
planation, since four-point functions in N = 4 SYM are
not isolated, but rather vary continuously with the com-
plexified gauge coupling. In order for a continuous family
of four-point functions to generate a cube-shaped exclu-
sion plot, it must be the case that for a single member
of the family, the dimensions of the leading twist oper-
ators of all spins appearing in the OPE are maximized
simultaneously.
As it happens, the conformal manifold of N = 4
SYM has two special points that serve as stationary
FIG. 4. A neighborhood of the corner of the exclusion bound-
ary for infinite central charge. The origin of the superimposed
axes sits at ∆` = `+ 4.
points for the dimensions of all operators in the the-
ory. These are the S and S · T invariant theories at
τ = θ/2pi + 4pii/g2YM = exp(pii/2) and τ = exp(pii/3).
This property follows from invariance under a finite sub-
group of SL(2,Z). Since there is no clear reason for co-
incident extremization of anomalous dimensions at any
other value of the coupling, the shape of the exclusion
thresholds, along with the fact that the result matches
known physics for extreme values of the central charge,
are strong indications that the corners of the cube shaped
boundaries in Fig. 1 can be used to approximate the spec-
trum at one of the self-dual points.
This is an extraordinary possibility, since there are no
known tools for analyzing the self-dual points of N = 4
SYM – they are in fact the least accessible points to any
existing methods. We are hopeful that by using addi-
tional data as input parameters, e.g., the dimension and
OPE coefficient of an unprotected operator, it will be
possible in future work to examine the entire conformal
manifold of the theory.
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